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1. Introduction. — Though the importance of the concept of a
generalised integral as originally discovered by Lebesgue is now fully re-
cognised, the ideas involved are still so unfamiliar to the majority of
mathematicians that almost all the work on the subject has consisted of
deductions from that concept of the consequences that naturally follow.
No attempt, as far as I know, other than my own, commenced originally
at a period when I was unacquainted with Lebesgue's work, have been
made towards a presentation, in a different order, of the ideas involved.

Among the apparently minor differences between my own work and
that of Lebesgue, that which concerns the definition of the content of
an open set has not escaped notice ; it has even been argued that my
definition is less natural than that of Lebesgue. The difference in
question is that I define the inner content of an open set of points as
the upper bound of the content of closed sets contained in that open set.
To myself the naturalness of this definition scarcely requires vindication,
in view of the fact that it is precisely with the closed sets contained in
the open set that all work anterior to that of a few years ago concerns
itself. For example, the points of discontinuity of a function form a set
which is itself the outer limit of a closed set, and in this connection I may,
perhaps, venture to refer to a small note of mine in the Quarterly Journal
of Mathematics* as bearing on this point. For the rest, in the case of a
set whose region of existence is infinite, the definition in question is the
most natural, as well as the most convenient, the more so that we have now
convinced ourselves that all sets of points which can present themselves
mathematically are bound to have the same inner and outer content.

* " A Note on the Condition of Integrability of a Function of a Real Variable," Quarterly
Journal of Mathematics, 1903, Vol. xxxv, pp. 189-192. See also Hobson's theory of Func-
tions of a Real Variable, p. 342.
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This definition, taken in conjunction with the known theorem,*
that the ordinate section of a closed plane set of points represents
an upper semi-continuous function of the abscissa, itself suggests to
the attentive reader a different method of treatment of the theory of
integration. This method, like another indicated by myself, in which
the interval of integration is divided into measurable sets, and the
Darboux-Riemann method applied to these sets and the upper and lower
bounds of the function in them, has for its object the emphasizing of
the naturalness of the generalisation. The method I am about to give
has, however, the further advantage that it enables one to grasp intuitively
the a priori inevitableness of the fact, that many theorems true for
ordinary integrals must be true for the generalised integrals. That this
was bound to be the case was indeed tacitly assumed by some writers, and
it has only recently been found necessary to give detailed proofs. These
proofs employ methods already used with success by Lebesgue in his
earlier work. Though, however, they are easily followed by an expert,
they are far from being at the first glance of an intuitive character.

In the present paper all turns on the use of monotone sequences.
The systematic use of such sequences constitutes a powerful weapon in
analysis. Coupled with the theorem of Weierstrass that any continuous
function can be expressed as the uniform limit of a polynomial, and in
particular therefore as the uniform limit of a differentiate function, we
can reduce many of the theorems of analysis that we may require to
considerations of the simplest possible character. Since the inner content
of a set is the upper bound of the content of closed sets contained in
the set, it follows that the generalised lower integral is the upper bound
of the integrals of upper-semi-continuous functions not greater than the
function, in the case in which the function is positive {i.e., ^ 0) and
bounded. It at once follows, by subtracting the function from a con-
stant function, that the upper generalised integral is the lower bound of
the integrals of lower semi-continuous functions not less than the func-
tion. We are thus led in the case of a bounded summable function to see
that, for purposes of integration, such a function may be replaced in-
differently by

(1) the limit of a monotone ascending sequence of upper-semi-
continuous functions, or

(2) the limit of a monotone descending sequence of lower-semi-
continuous functions,

* W. H. Young, "The General Theory of Integration," 1904, Phil. Trans., Series A,
cciv, 1905, pp. 221-252. Young's Tlieory of Sets of Points, 1906, p. 256, § 163.
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that is, by functions which I have called respectively lower-upper and
upper-lower semi-continuous functions, or shortly Zw-functions and ul-
functions.

I have already in a previous paper denned the integrals of upper and
lower semi-continuous functions by the method of monotone sequences,
and it is not difficult to reconstruct the whole theory of generalised in-
tegration, de novo, taking as the point of departure the definition of the
integral of a continuous function, or still more simply, if we employ the
Weierstrassian sequence, the definition of the integral of a positive integral
power of x, or of the product of positive integral powers of x and y, &c,
and then defining successively, by means of monotone sequences, the
integrals of semi-continuous functions, and of Zw-functions and wZ-functions,
and therefore of any bounded function.

The case of unbounded functions requires certain modifications, as in
other modes of treatment. We may, however, for the purposes of
integration replace an unbounded function either by what I have called
a ZwZ-function or an wZw-function, that is, by the limit of a monotone
ascending or descending sequence of wZ-functions or Zw-functions re-
spectively.

It is, in fact, one of the advantages of our method that the step from
bounded to unbounded functions is of the same nature as that taken when
passing from continuous functions to bounded discontinuous functions, so
that the processes employed are homogeneous throughout.

In the present paper I propose rather to shew how the use of the new
definition, or of the properties underlying it, simplifies the proofs of the
fundamental theorems of the integral calculus, than to attempt a recon-
struction of the theory. For this purpose I have selected the connection
between repeated integration and double integration, the method of integ-
ration by substitution, the Second Theorem of the Mean, and an inequality,
known in its original form as Schwarz's inequality, of which important
use has been recently made by Lebesgue.

I take occasion to obtain, at the same time, certain properties of para-
metric integrals of unbounded functions, which I believe to be new and
not without importance. It will be noticed that they are in part exten-
sions of previous results obtained by myself. Among such I may perhaps
specially mention the theorem that, if v is an essentially positive not
necessarily bounded function of (x, y), whose integral with respect to x is
a continuous function of y, and u is any bounded measurable function of
x whatever, the integral of iw with respect to x necessarily belongs to
Baire's first class, and is therefore pointwise discontinuous with respect
to every perfect set of values of y. This is, indeed, an immediate conse-

SKB. 2 . YOL. 9 . NO. 1 0 6 8 . C
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qaence of the theory and of the fact, here pointed out, th&tit is a necessary
and sufficient condition for a function to belong to Baire's first class that
it should be both a lu-function and also an ul-function.

Though I have assumed certain results of previous papers, reference
to which is made, I have tried, as far as possible, to render the account
here given in other respects complete in itself, and intelligible to persons
unacquainted with those papers.

In conclusion, it may not be out of place to remark that the success of
the method depends on two apparently antagonistic facts:—

(1) that certain properties are preserved in the passage from a func-
tion of a monotone sequence to the limiting function of that
sequence;

(2) that certain other properties may be partially or entirely lost.

It is in virtue of the former circumstance that term-by-term integration
is allowable, provided the integrals of the constituent functions are finite.
The latter fact enables us to express functions which are themselves desti-
tute of certain properties, e.g., differentiability, expansibility in Taylor's
series, continuity, as the limits of monotone sequences of functions
possessing the property in question. This is remarkable; it is, however,
in accordance with the sum total of human experience, which has taught
us to draw advantage from what, at the outset, is found to be a hindrance,
but conditions none the less the possibility of progress.

2. The functions which constantly occur in the following investigation
are semi-continuous functions, and the limits of monotone sequences of
semi-continuous functions, and of the functions so formed. The reader is
reminded that the limit of a monotone ascending (descending) sequence of
lower (upper) semi-continuous functions is a lower (upper) semi-continuous
function.* Thus the less familiar functions now to be considered are:

(1) functions which are the limits of ascending sequences of upper
semi-continuous functions ; these will be called lower-upper
semi-continuous functions, or shortly, lu-functions :

(2) functions which are the limits of descending sequences of lower
semi-continuous functions; these will be called upper-lower
semi-continuous functions, or shortly ul-functions.

In using this notation we are guided by analogy with what takes place
in the case of monotone sequences of continuous functions. If the

* W. H. Young, " On Funotions defined by Monotone Sequences and their Upper and
Lower Bounds," 1908, Messenger of Math,, Vol. xxxvn, p. 152.
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sequence is ascending the limit is characterised by the prefix lower, and
if it is descending by the prefix upper. Using this mode of characterising
functions we have the following statement of the facts above quoted con-
cerning monotone sequences of semi-continuous functions :—

an upper-upper semi-continuous function is an upper semi-continuous
function;

a lower-loioer semi-continuous function is a lower semi-continuous
function.

Since f(x)-\-e, where e < 0 or e > 0, is upper (lower) semi-continuous,
provided/(x) is so, it is obvious that we have the following :—

a lower (upper) semi-continuous function is a special case both of
a lu-function and also of an ul-function.

3. It will be remembered, or is easily proved, that semi-continuous
functions have the following three properties, which it will be found are
retained by the functions here introduced :—

(1 & 2) the sum and the product of two upper (lower) semi-continuous
functions is a function of the same type, provided, in the case of
the product, both functions are positive, that is ^ 0 ;

(8) the function whose value at each point is the greater of the values
of two upper (loioer) semi-continuous functions, or the less of the
values of two upper (lower) semi-continuous functions, is a func-
tion of the same type.

The proofs of these theorems usually given depend on the defining
properties of semi-continuous functions. The reader may, however, be
reminded that it has been proved* that any upper (lower) semi-continuous
function with a finite upper (loiver) bound is the limit of a monotone
sequence of continuous functions, so that this property might have been
taken as the definition of these functions, in which case the proofs of
the properties cited would have been identical in form with that to be
now given for our new functions, a form of proof which, being recurrent,
is immediately applicable to the functions of the successive classes subse-
quently to be formed on the same principle.

It may here be pointed out, en passant, as a fact which will be useful
in the sequel (§ 32), that the constituent functions of the sequence, repre-
senting, as they do in the given construction, polygons, have right-hand

* W. H. Young, " On Monotone Sequences of Continuous Functions," 1908, Proc. Camb.
Phil. Soe., Vol. xiv, p. 523.
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and left-hand differential coefficients at every point, and these, being con-
stant in each of a finite number of intervals into which the fundamental
segment has been divided, are continuous except at a finite number of
points.

Returning to the main subject of the present article, we remark that
the proof of all three properties is of the same form. Let a(x) and A (x)
denote two ^-functions, and let an(x) and An{x) denote the constituent
upper semi-continuous functions of the monotone ascending sequences
defining a(x) and A(x) respectively.

Let sn(x) denote the upper semi-continuous function formed from an{x)
and An(x) by combination in accordance with one of the properties 1, 2,
and 3 above cited, and s(x) the function formed by the same rule from
a(x) and A(x). Then it is clear that the functions sn(x) form a monotone
ascending sequence, and that their limit is s(x), which proves the theorem
in this case. Similarly it may be proved in the other cases.

4. It is on the property (8) of semi-continuous functions, signalised in
the preceding section, that the proof of the following theorem depends.

THEOREM.—The limit of a monotone ascending (descending) sequence of
lu-functions (ul-functions) is a function of the same type.

For let

On ^ «i2 ^ «i3 ^ • • • be upper semi-continuous functions having as limit alf

and so on. Then, if <h ^

we can ensure that for every index n,

For, if this is not the case we have only to replace a^n by the function
whose value at any point is the greater of the values of ain and a^n- The
new function is still upper semi-continuous, and at each point is not
greater than either ax or a2, and therefore certainly not greater than Og.
Also the monotony of the sequence is clearly unaffected, so that this
device serves the purpose required.

This being so, it is evident that if a is the limit of an ascending
sequence of ^-functions, and we express each of these as the limit of an
ascending sequence of upper semi-continuous functions, we have a system
of functions forming a table as follows, the functions in each row and
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column forming a monotone ascending sequence :—

A A A A

A A A A

A
a.

From which it is evident that a is the limit of the monotone ascending
sequence of upper semi-continuous functions

which proves the theorem in the case of an ascending sequence of lu-
functions. Similarly the other case may be proved.

5. If therefore we denote the limit of a monotone sequence of lower-
upper (upper-lower) semi-continuous functions by the same term preceded
by lower or upper according as the sequence is ascending or descending,
so that the principle of the notation agrees with that already used, and
with the facts known about limits of monotone sequences of continuous
functions, we have the following mode of stating the preceding theorem :—

a lower-lower-upper semi-continuous function is a lower-upper semi-
continuous function:

an upper-upper-lower semi-continuous function is an upper-lower
semi-continuous function.

We also have two new types of function, viz., a lotoer-upper'-lower and
an upper-lower-upper semi-continuous function, or, shortly, a lul-function
and an ulu-function.

6. It is now clear that this system of functions may be continued.
We shall have the same three theorems about ^-functions and aZ-functions
as those quoted in § 8 for semi-continuous functions, viz., the sum and
product of two lu-functions or of two ul-fiuictions is a function of the
same type (provided, in the case of the product, both functions are
positive), and so is the function formed by taking at each point the
greater, or the less, of the values of the two lu-functions (ul-functions).
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Hence, as before,

an upper-upper-lower-upper (lower-lower-upper-lower) semi-continuous
function is an upper-lower-upper (lower-vpper-lower) semi-
continuous function.

Thus we again get two new types of function, viz., a lower-upper-lower -
upper and an upper-lower-upper-lower semi-continuous function.

This is perfectly general; we get two new functions at each stage
characterised by the alternate use of the words upper and lower, while
the word upper (lower) used twice consecutively is equivalent to its use
once only.

7. Still more compactly we may call the successive pairs of functions
formed in this manner

an I and a u,
a lu and an ul,
a lul and an ulu,
a lulu and an ulul, dec,

dropping the word " function" altogether.
Thus we have the following relations, which are at once evident:—

an I and a u are each special cases both of a lu and also of an ul,

a lu and an ul are both special cases both of a lul and. also of an
ulu, and so on.

Again :

(1 & 2) the sum and the product of two lu-functions (or of two ul-
functions) is a function of the same type, provided, in the
case of the product, both functions are positive ;

(3) the function lohose value at each point is the greater, or the
less, of the values of two lu-functions (ul-functions) is a func-
tion of the same type.

From these results we have, by the same method, similar results for
the pair of types of function belonging to the next stage, viz. :—

(1 & 2) the sum and product of tioo ulu-functions (or of two lul-
functions) is a function of the same type, provided, in the case
of the product, both functions are essentially positive;

(3) the function whose value at each point is the greater, or the less,
of the values of two ulu-functions (lul-functions) is a function
of the same type.
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It is clear that these theorems may be stated for the pair of types of
function belonging to any stage. "We shall not insist more on this here,
since, as will be seen in the sequel (§ 22), for purposes of integration, we
need not go beyond IUVB and ulu'e.

8. The following properties of our functions are almost immediately
obvious :—

If xoe change the sign of a lu-function, it becomes an ul-function, and
vice versa.

Generally the change of sign changes a lul-lunction into a ulu-iunction,
and so on, the letters u and I being throughout interchanged.

THEOKEJI.—If f(x) is a continuous or an upper {lower) semi-continuous
function, or if it is a hi (or an ul), or an ulu {or a lul), <&c, and f(x, M) is
the function got from f(x) by retaining at any point the value of f(x) if
less (greater) than M, and at other points changing the value to M, f(x, M)
is a function of the same type as f(x).

This follows immediately from property (3) of the preceding article,
since a constant is a special case of any of our types of function.

9. In a paper already quoted I shewed that a monotone decreasing
(increasing) sequence of functions which are upper (lower) semi-continuous
at a point P has for limit a function which is also upper (lower) semi-
continuous at P. Moreover, the argument held whether we were referring
to the continuum or to any perfect set.

Now a semi-continuous function is continuous with respect to the
continuum or to any perfect set at points which are dense everywhere in
the continuum or in that perfect set, since it is a function of Baire's* first
class. Hence, in considering a monotone increasing sequence of upper
semi-continuous functions, there are points in every interval at which the

* R. Baire, " Sur les fonctions de variables reelles," 1899, Ann. di Mat. Ser. 3, Vol. in,
pp. 1-123. Other proofs of Baire's theorem have been given by the author, " A New Proof
of a Theorem of Baire's," 1907, Messenger of Math., Vol. xxxvu, pp. 49-54. See also
"A Note on Functions . . . which assume all values between their Upper and Lower
Bounds," 1909, Messenger of Math., Vol. xxxix, pp. 69-72, et al.



24 DR. W. H. YOUNG [June 9,

functions are continuous, and therefore lower semi-continuous, so that
the limiting function is lower semi-continuous there. Since this is true
also with respect to any perfect set, we have the following theorem:—

A In- (id-) function is lower (upper) semi-continuous with respect to
the continuum or to any perfect set at points which are dense everyiohere
in the continuum or in that perfect set.*

In particular, we have the following corollary :—

A function which is both a lu and an ul is pointwise discontinuous
with respect to the continuum or any perfect set, and is therefore a function
of Baire's first class, that is, it is the limit of a continuous function.

In the next section it will be seen that the converse of this is also
true.

10. In another paper* I discussed the properties of those functions
which at every point have as value the upper, or the lower, bound of the
values at that point of a succession of continuous, or of semi-continuous,
functions. These functions I called the upper function and the lower
function of the succession. Among these properties we have the follow-
ing, which is here stated with the new nomenclature :—

(1) The upper (lower) function of a succession of lower (upper) semi-
continuous functions is an ul-function (lu-function).

Hence, taking such a succession that the upper and lower functions
coincide in an unique limiting function, in which case the succession is
called a sequence, we have the following theorems:—

(1) A function which is the unique limit of a sequence of lower (upper)
semi-continuous functions is an ul-function (lu-function).

(2) A function of Baire's first class (that is, the unique limit of
a sequence of continuous functions) is both an ul and also a lu.

Combining this last theorem with the result at the end of the preceding
section, we have the following result:—

The necessary and sufficient condition that a function should belong
to Baire's first class is that it should be both an ul and also a lu.

* The remaining points form, of course, a set of the first category.
f W. H. Young, "Oscillating Successions of Continuous Functions," 1908, Proc. London

Math. Soc., Ser. 2, Vol. 6, pp. 298-320.
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11. A lower generalised integral of a bounded function fix) which
is ^ 0 is, as we know, the inner content of a measurable set of blocks
(ordinates).* Let the range of integration be the segment

0 < x < c,

and let this inner content be I(c), or shortly I.
We also know that I is the upper bound of the content of closed sets

contained in the set of blocks, of which / is the inner content.+

Again, the content of a closed plane set is the generalised integral of
the content of its ordinate section ; moreover, the content of its ordinate
section is an upper semi-continuous function of x, and therefore its
generalised integral is its ordinary Darboux upper integral.!

Now the ordinate section of a closed plane set contained in the set of
blocks is a closed set lying inside the corresponding block, and is therefore
not greater than the length of the block (ordinate). This shews that I{c)
is the upper bound of the integrals of certain upper semi-continuous
functions ^ fix), so that I (c) ^ upper bound of integrals of all upper
semi-continuous functions ^ fix). On the other hand, the integral of
any upper semi-continuous function ^ f(x) is the content of a closed set
of blocks inside the original set of blocks and is therefore ^ Tic). For,
if g(x) </Cz) be such a function, gix) > the upper limit of its values in
the neighbourhood. Hence any sequence of points lying inside blocks
in the neighbourhood and having their limiting point on the ordinate at
the point x, being taken, that limiting point will lie inside the block
at x. Hence the upper bound in question <; I(c). Thus we get the
following theorem :—

The generalised lower integral of a positive bounded function fix)
is the upper bound of the integrals of upper semi-continuous functions

12. Next let fix) be any bounded function, and let K be a positive
number such that K+fix) is a positive function. Then, if gix) is
any upper semi-continuous function ^ f ix) , K-\-gix) is an upper semi-
continuous function ^ K-\-fix), and conversely, if K-\-gix) is an
upper semi-continuous function ^ K-\-J\x), gix) is an upper semi-

* The General Theory of Integration, p. 247, § 28.
f Young's Tfieory of Sets of Points, p. 250, § 157.
% Id., §163, p. 256.
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continuous function ^f(x). Also

f [K+f(x)]dx =Kc+[C f(x)dx,
Jo Jo

and this is, by the preceding article, the upper bound of the integrals of

upper semi-continuous function <̂  K-\-f{x), that is, of [K-\-g (x)]dx,

that is, Kc-\-upper bound of g{x)dz, that is, Kc-\-upper bound of the
J

integrals of upper semi-continuous functions
Hence, whatever bounded function f{x) may be, its lower generalised

integral is the upper bound of the integrals of upper semi-continuous
functions < / ( z ) .

Similarly its upper generalised integral is the lower bound of the
integrals of lower semi-continuous functions ^f{x).

13. Let f(x) be any bounded function defined at every point of the

interval 0 ^ x ^ c.

Let g{x) and h(x) be two upper semi-continuous functions
Let us form a function q(x) whose value is the greater of the values of
g(x) and h{x) at each point x. Then q(x) ^ f(x) at every point. Also
q (x) is upper semi-continuous (§ 3).

In this way, given any succession of upper semi-continuous functions
less than f(x), we can form a monotone ascending sequence of upper semi-
continuous functions from them, each function being still ^ / ( z ) , and the
unique limiting function of this monotone sequence will be not less than
the upper function of the original succession, since each function of the
monotone sequence is at every point not less than the corresponding
function in the succession.

Let I{c) denote the upper bound of the integrals (ordinary upper in-
tegrals) of all upper semi-continuous functions <;/(»), the limits of inte-
gration being 0 and c. Then we can find a succession of such functions
whose upper integrals have I{c) as unique limit. Forming from this
succession a monotone ascending sequence of such functions, in the
manner indicated above, the integrals of these will also form a monotone
sequence, and each integral will be not less than the integral of the corre-
sponding function in the succession. Hence the unique limit of the two
sequences of integrals will be the same, viz., the upper bound I(c) of
all such integrals.
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Thus we have proved that we can find a monotone sequence

a^x) < a2(x) < ... < an\x) < ...,

of upper semi-continuous functions ^f{x), whose integrals

ax{x)dx <; a^(x)dx < ... < an
Jo Jo Jo

(x)dx

Jiave as limit the upper bound lie) of the integrals of all upper semi-
continuous functions less than fix).

14. Let a(x) be the Zw-function which is the limit of an{x), when n is
indefinitely increased; we have, of course,

an(x) <a (* )

Also, by § 18, 1 a{x)dx = I(c),
Jo

since the integral of the limit of a monotone sequence is the limit of the
integrals, if finite.

Hence, though the function a{x) is not uniquely determined by the
function f(x) and the interval (0, c); yet, however we vary the choice of the
functions an(x), subject to the conditions given, two such functions a(x)
will only differ at a set of content zero.

Conversely, of course, any Zu-function ^ f{x) whose generalised
integral has the value I(c) has all the characteristic properties of the
function a(x), viz., it is the limit of a monotone ascending sequence of
upper semi-continuous functions ^f(x), such that the limit of their
integrals is the lower generalised integral of fix) from 0 to c.

If we assume the theory of generalised integration already developed,
we may now, by the preceding article, say that the lower generalised
integral of any bounded function f(x) is the upper limit of the integrals
of a monotone ascending sequence of upper semi-continuous functions

If, however, we prefer not to assume that theory, we shall define I(c)
to be the generalised lower integral of fix), and the same statement may
be made.
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Thus, by definition, or as an immediate deduction from the above
statement, ;r ~ ,e

Lt I an(x)dx = \ a(x)dx = \ f(x)dx.n = 0° Jo Jo Jo

15. Similarly, if J(r) denote the lower bound of the integrals (ordinary
lower integrals) of lower semi-continuous functions ^f(x), we can find a
monotone descending sequence of lower semi-continuous functions

whose integrals have J(c) as limit.

Hence, by definition, or otherwise, the upper generalised integral of
any hounded function fix) is the loioer limit of the integrals of a monotone
descending sequence of lower semi-continuous functions ^fix).

Denoting by b(x) the ul-iunction which is the limit of bn(x), when n is
indefinitely increased, we have, of course,

Lt \ hn{x)dx = I b(x)dx = \ fix)da.
" = x Jo Jo Jo

16. Since bn{x) > bn+1{x),

an(x) <a f t + i ( x ) ,

we have bn{x) — anix) > bn+i(x)—an+iix);

also, since changing the sign of an upper semi-continuous function makes
it a lower semi-continuous function, and the sum of two lower semi-
continuous functions is a lower semi-continuous function, it follows that
bn{x)—an{x) is a lower semi-continuous function.

Hence b1(x)—a1ix) >> 62(x)—a2(x) ^ ... ^ bn(x)—anix) ^ . . .

is a monotone descending sequence of lower semi-continuous functions.
Moreover, each of these functions is >= 0, since for every integer n,

an(x) < fix) < bn(x).

Now [b1i(x)—anix)]dx = \ b1,ix)dx+\ [—an(x)]dx,
Jo Jo Jo
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since the (ordinary lower) integral of the sum of two lower semi-continuous
functions is the sum of their integrals.*

But [—an(x)']dx = —\ an(x)dx,

therefore \bn{x)—an(x)~]dx = bn(x)dx—\ an(x)dx.
io io Jo

Hence it follows that the lower integrals of the lower semi-continuous
functions of the monotone descending sequence last written down, which,
of course, form themselves a monotone descending sequence of positive
quantities, have J(c)—I(c) for their limit.

17. In the case of all bounded functions which are capable of mathe-
matical expression _. , T. .

J(c) = I(c) ;
when this is the case, the function f(x) is said to be a summable function.
Now the points at which , ,

0\X)"~~a(x) ^^ fct

are points at which bn(x)— an(x) > k,

for all values of n, since these latter functions form a monotone descend-
ing sequence with b(x)—a(x) as limit.

Also, since bn(x)—an(x) is lower semi-continuous, the points at which
it is ^ Jc form a closed set, therefore the points at which it is > k form
a set of intervals. If the content of these intervals be Sn(k), the (ordinary
lower) integral of bn(x)—an(x) is accordingly not less than kSn(k). But
this integral has zero as limit, therefore Sn(k) has zero as limit. Hence
the content of the inner limiting set of points at which

b(x)—a(x) > k

has zero as limit.t Thus b(x)—a{x) is zero except at a set of points of
content zero.

Since/(a?) lies between a(x) and b(x), it follows that, when f(x) is a
summable function, a(x),f(x) and b{x) differ only at a set of content zero.

18. The functions a(x) and b(x) we formed with reference to the
segment (0, c), and are, of course, not uniquely determined by that

* W. H. Young, " On an Extension of the Heine-Borel Theorem," Messenger of Math.,
January, 1904.

t Young's Theory of Sets of Points, p. 110, § 62.
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segment and the function fix). The last result, however, shews that,
however formed, provided fix) is summable, they only differ from fix) at
a set of content zero in the segment (0, c) ; and therefore in any smaller
segment only differ from fix) at a set of content zero.

(* i*
Hence I bn(x)dx and an{x)dx

Jo Jo
for fixed x, have, as n increases indefinitely, the same limit

Kx) = J(x),

which is at the same time the upper bound of the upper integrals of upper

semi-continuous functions less than/(x) (since such integrals never exceed

{' \
\ bll{x)dx), and the lower bound of the lower integrals of lower semi-
Jo '
continuous functions greater than f(x) (since such integrals never are less

an{x)dx\.

Such a function a(x) is called.a bounding ^/.-function of f(x), and such
a function b(x) is called a bounding /^-function of f{x).

Conversely, it is obvious that any Z -̂f unction ^.fix) \_ul-iunction
~^f(x)\ which differs from/(x) only at a set of content zero is a bounding
lower-upper (upper-lower) function of f(x), provided f(x) is a bounded
summable function.

19. THEOREM.—If f(x) and F(x) are bounded summable functions,
and a (x) and A{x) are corresponding bounding lu-functions, and b{x) and
B(x) corresponding bounding til-functions, then if

f(x) < Fix),
we may assume that

a ix) < A ix) and b (x) < B ix).

For, if the monotone ascending sequences of upper semi-continuous
functions whose limits are aix) and A ix) respectively, be

ax{x) < a2ix) < ...,

and Ax(x) ^A2(x) < ..,

we may form a new monotone ascending sequence of functions

giix) < g2(x) < ...,

such that gnix) has as value the greater of the two values aAix) and Anix).
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By § 8, gn(x) is upper semi-continuous. Also at any point at which gn{x)
differs from An{x), it is = aa{x), and therefore ^f(x) and therefore
< F(x). Also since . , . . , >

and therefore f An(x) dx < I gn(x),

we must have Lt \An{x)dx— Lt \gn(x),

since the limit on the left is the highest possible.
Thus the sequence of functions gn may be taken instead of the sequence

Ant in which case we have

an{x) < An(x);

and therefore a{x) ^ A (x).

This proves the first result.
Similarly, if the sequences denning b(x) and B(x) are

We may so modify the first sequence, by changing bn (x) into Bn (x) at any
point where Bn(x) was less than bn(x), that

This change, by § 8, does not alter the lower semi-continuity of bn(x), nor
the monotony of the first sequence.

Also at any point at which the value of bn(x) has been altered it is
become ^ F(x), and therefore certainly ^ / ( x ) . Also since the value of

bn(x), where modified, has been reduced, the limit of j bn(x)dx, already as

small as possible, has been unaltered. Thus the modification is allowable
and it makes , , v . „ , .

b (x) < B(x).
This proves the theorem.

20. Construction of Limiting Upper-Lower and Lower- Upper Func-
tions of a Bounded Measurable Function.

Let K be the lower and K' the upper bound of the given bounded
function f{x). Divide the interval (K, K') into n equal parts, and let en

be the length of each, and, for shortness, write

K = K+ren.
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Let Ir be the content of the set of points at which f{x) > kr; these
points form a measurable set, if, as we assume, / is a measurable
function. Consequently we can find a closed sub-set of content greater

than Ir— ——. Let such a set be denoted by Tr, for all values of r from 0

to n— 1, k0 being understood to mean K.

Let the function an(x) be defined as follows :—

an(x) = kn-i at every point of I'n-i

= &n_2 at every point of J4_2—/»-i

= kr at every point of I'r—I'r+i (1 < r < n—2)

= K at all the remaining points.

Then an{x) is an upper semi-continuous function ^f(x), and the
functions form a monotone ascending sequence,

Again, let the function bn (x) be defined as follows :—

bn(x) = kx at all the points of I'o—1[

= k2 at all the points of /{—l'i

— kr+i at all the points of I'r—Ir+i (0 < r < n—2)

= K' at all the remaining points.

Then bn(x) is a lower semi-continuous function ^f(x), and the func-
tions form a monotone descending sequence,

Moreover bn(x)—an{x) = en, except at the points of a set of content

< -jrj-, at which it has the value K'—K.

Thus the functions bn(x)—an(x) form a monotone descending sequence
of functions with zero as unique limit, except at a set of points which,
being the generalised inner limiting set of measurable sets whose contents
have zero as limit, is a set of zero content.

Hence, denoting the Zw-function which is the limit of the functions
an(x) by a{x), and the •wZ-function which is the limit of the function bn{x)
by b{x), it follows that b(x) differs from a(x); and therefore both differ
from f{x), which always lies between them, only at a set of content zero.



1910.] A NEW METHOD IN THE THEORY OF INTEGRATION. 3 3

Hence also the unique limit of

bn(x) — an(x) = \ [bn(x)—an(»)] dx
JQ JO JO

is zero, so that the integral of bn(x) and the integral of an{x) have the
same limit. Hence, by § 17, f(x) is a summable function, and this
common limit is the common value of the integrals oif(x), a(x), and b{x).

Also a(x) and b{x), so constructed, may be taken to be the bounding
lu- and ul-iunctions of the bounded measurable function/(x).

Thus any bounded measurable function is summable,* and in particular
this is the case with bounded lu's and til's, ulu'a and hoi's, &c.

21. If the function f(x) is a monotone increasing (decreasing) function,
the semi-eontinuoua functions a,, (x) and bn(x), constructed as in the pre-
ceding article, will not be monotone, but a very slight modification in the
construction renders them monotone.

In fact, the points at which f{x) ^ kn form an interval, closed on
the right (left) but not necessarily on the left (right). If the interval
is closed, we take it for the set I'n. If, however, it does not include its
left (right) hand end-point P, we take for In a closed interval got by sub-
tracting from the whole interval a small segment at the end in question.
In this small segment, instead of, as in the preceding article, assigning to
aw as value the lower bound of f(x), we assign the value f(P), and this
value we also retain at P. In this way the function aP(x) is constant in a
finite number of intervals and monotone increasing (decreasing).

The same device renders bn monotone increasing (decreasing).
It then follows, of course, that a{x) and b(x) are monotone in the same

sense as/(x).

22. So far we have confined our attention to bounded functions, and,
in point of fact, important modifications are necessary, when we come to
deal with unbounded functions. Two courses are possible. We may
either proceed precisely in the case of such functions as in the theory of
Riemann integrals, and employ De la Vall6e Poussin's definition for abso-
lutely convergent improper integrals, and Harnack's definition for non-

* H. Lebesgue, Lemons sur VIntegration, Gauthier-Villars, 1904, p. 115. It should be
noticed that the use of the words measurable and summable here is that adopted at present
by Lebesgue. The definition of summable (= measurable) in Hobson's Functions of a Real
Variable, p. 391, is in accordance with Lebesgue's earlier usage, since abandoned.

SER. 2. VOL. 9. NO. 1069. I>
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absolutely convergent integrals. In this way we still preserve, in the case
of the absolutely convergent integrals all the advantages afforded by the
use of monotone sequences. We may, however, in the case of such
integrals also employ with convenience the slight modification of the
method already explained for bounded functions.

Take first a positive function. Then, if it is unbounded above, we
shall no longer necessarily be able to obtain a descending sequence of
lower semi-continuous functions satisfying our requirements.

We can, however, make use of the ascending sequence of upper semi-
continuous functions, provided the integral, or the lower integral, in the
generalised sense, of/(#) is finite.

For, if in accordance with the method of De la Vall6e Poussin, we
form the auxiliary sequence of bounded functions

where fm(x) = f(x),

wherever f(x) ^ m,

and at other points fm(x) = vi,

we have, by the definition of the improper lower generalised integral,

= Lt [am{x)dx,
m=«>

where am(x) is a bounding lu-iunction of fm(x).

Since the functions fm(x) form a monotone ascending sequence, we
may take it, by § 19, that the functions am(x) do so also. Thus, if a(x)
is the limit of am(x), a(x) is a llu, that is, a ^-function.

Also, since the integrals form a monotone ascending sequence with a
finite limit

I a(x)dx = JLit I am(x)dx = (/(#) dx.

Thus the lower generalised integral of a positive function, and there-
fore of any function which is bounded bolow, is, if finite, the generalised
integral of a lu-iunctiou, nowhere greater than the function.

Similarly, the upper generalised integral of a function which is bounded
above, is, if finite, the generalised integral, of an ul-iunction, nowhere less
than the function.
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In symbols, iff(x) is bounded below and has a finite generalised lower
integral,

\f{x)dx = \a{x)dx = \f(x)dx,

if f is summable; while, if fix) is bounded above and has a finite
generalised upper integral,

\f{x)dx = \b(x)dx = \f{x)dx,

if f is summable; where a(x) is a lu, and b(x) an ul, the former ^f(x),
and the latter ^f{x).

If the function is unbounded both above and below, and possesses an
absolutely convergent improper integral, our method will give us the value
of this integral as the difference of the integrals of two ^-functions, or,
which is the same thing, the function which replaces / for purposes of
integration is the sum of a lu and an ul.

Such a function is plainly both an ulu and a lul function, so that we
can, in two distinct ways, apply the method of monotone sequences, to
reduce the consideration of such functions to that of bounded continuous
functions.

In this connection we may remark in addition that, if the nature of
the argument is such as to permit of it, we may by the use of a further
sequence, not monotone but uniform, secure that these continuous func-
tions have a differential coefficient everywhere, in virtue, for example, of
Weierstrass's theorem that a continuous function may be expressed as the
limit of polynomials.

23. THEOREM.—If f(x) and F(x) are bounded measurable functions,
whose bounding functions are respectively a(x), b(x) and A(x), B(x), the
bounding functions of f{x)-\-F{x) are a{x)J\-A{x) and b(x)-\-B(x), and
those off(x)F(x) are a(x)A(x) and b(x)B(x), provided in the latter case
f{x) and F(x) are both positive.

For, by § 7, a{x)-\-A(x) and a(x)A(x) are ^-functions, and the former
is ^f{x)~{-F(x), but differs from it only at a set of content zero, while
the same is true of the latter function, and f(x) F(x). This therefore
proves the theorem for the a's, by § 18.

The proof for the 6's is precisely similar.

COR.—If f(x) and F(x) are bounded below and summable, the above
theorem holds for the a's.

If they are bounded above, the above theorem holds for the b's.
D 2
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24. We now proceed to give some examples of the use of the method
in special cases. The first is an inequality, known in its original form as
Schwarz's* inequality.

THEOREM.—If f and F are summable functions, bounded or unbounded,

(\CfFdx)*^\°fdx \CF*dx.
vo ' Jo Jo

It is evidently only necessary to prove the theorem for positive
functions fix) and F{x).

CASE 1.—Let f and F be continuous functions.

In this case the left-hand side of the inequality to be proved is the
double integral *e ,c

f(x)F(x)f(y)F(y)dxdyt
Jo Jo

and the right-hand side is the double integral

P f [f(x) F(y)J(dxdy) = f f \J(y)F(x)J (dxdy)
JoJo JoJo

c re
= 4 {[f(x)F(y)]i+[J<y)F(x)']a\ (dxdy),

JoJo

whence the theorem is obvious.

CASE 2.—Let f and F be both lower or both upper semi-continuous
functions.

Let ax ^ Oa ^ ...

and Ax < ^ 4 2 < ...

be monotone increasing sequences of continuous functions having respec-
tively the lower semi-continuous functions / and F as limit.

Then axAx < a^A^ < ...

is a monotone increasing sequence of continuous functions with fF as
limit. Also

fFdx = Lt anAndx.
Jo n=a> Jo

* Quoted in Lebesgue's paper, " Sur les integrates singuli&res," 1910, Annalesde Toulouse,
p. 37 seq.
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("c re

Pdx = Lt aldx,
0 " " " J o

Jo
F*dx= Lt \ Aldx.

o »=ajJ0
!

But, by the first case,

9 anAndx) < I aldx Aldx.
o / Jo Jo

Hence, proceeding to the limit with n, the theorem follows in this case.
The proof is similar when / and F are upper semi-continuous functions.

CASE 8.—Let f and F be both lu's (or both til's).

The proof is formally the same as in Case 2, the functions alt a2, ...,
Ax, A2, ... being now upper (or lower) semi-continuous functions.

This case includes that where f and F are any bounded measurable
functions, or where both are bounded above or both are bounded below,
using the results of § 22, by which the integrals of such functions are re-
placed by the integrals of lu'a or of ul'a.

CASE 4.—Let f and F be both ulu's (or both lul's).

The proof is formally the same as in Case 2, the functions %, aa, ...,
Alf A2, ... being now IU'B (or UI'B).

This case includes every possible case, since, as shewn in § 22, the
integral of any measurable function is the integral of either of the types
here considered.

Thus in every case the theorem holds.

25. The inequality

I T ZfFdx < [ | 2fF\dx < f/2dz+ f F2dx
I Jo Jo Jo Jo

may be proved, of course, in a similar manner, but still more easily.

26. The next application of the method is to term-by-term integration.

THEOREM.—If f\(x), f*(x), ... be any sequence of positive functions,
each ^ V(x), where V(x) is' a summable function, the sequence having
zero as unique limit, then tenn-by-term integration is allowable.
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For let gn(x) be the function whose value at any point x is the upper
bound of the values olfn(x),fn+i{x), ... at that point, then

Therefore gn(x) is summable, and

0 < \fn(x)dx < \gMdx < j V(x)dx.

But the functions glh(x) clearly form a monotone descending sequence
with zero as limit; hence

Lt [ga(x)dx = 0,

whence, by the preceding inequality,

Lt \fn(x)dx = 0,
n = w J

which proves the theorem.

Hence we have as an immediate corollary a theorem given by
Lebesgue* and included in one due to Vitali.

COR.—Iffi(x),f2(x), ... be any sequence of summable functions whose
unique limiting function f(x) is summable, we may integrate term-by-
term, provided for all values of n and x,

lohere V(x) is a summable function.

26. Hitherto we have confined ourselves to a single variable, but the
whole theory applies, of course, when x is the ensemble of two or more
variables. In this case we have theorems involving multiple and repeated
integrals, as well as parametric integrals. We shall consider next some
results of parametric integration.

Uf(x, y) is an upper (lower) semi-continuous function having a finite
upper (lower) bound, it is the limit of a monotone descending (ascending)

* H. Lebesgue, " Sur la raethode de M. Goursat pour la resolution de l'equation de
Fredholme," Bull, de la Soc. Math, de France, 1908. " Sur les integrates singuli^res," 1910,
p. 50, where reference is made Lo Vitali.
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sequence of continuous (bounded) functions.* Hence \f(x, y)dx, which is

the limit of the similar monotone sequence of the integrals of those con-
tinuous functions, is also an upper (lower) semi-continuous function.

If, however, we omit the condition as to the finitude of the upper
(lower) bound, the result is different; in this case the parametric integral
is a lu-function (ul-function).

For, if f(x, y) is an upper (lower) semi-continuous function of (x, y),
unbounded above (below),

f(x, y) = Lt f(x, y, M),

where f(x, y, M) is, by § 8, a function of the same type as f(x, y), but is
bounded above (below). Since the functions f(x, y, M) form a monotone

sequence, \f(x, y)dx is the limit of the monotone sequence of their in-
tegrals, and is therefore the limit of a monotone ascending (descending)
sequence of upper (lower) semi-continuous functions, as has just been
pointed out. This proves the statement made above.

Hence, in particular, if f(x, y) is an unbounded continuous function of

(x, y), I f(x, y)dx is, by § 10, a function of Baire's first class.

Similarly, iff(x, y) is a hi (ul) function, its parametric integral is, if
the upper (lower) bound be finite, also a lu (ul). But, if the upper (lower)
bound be infinite, it is an ulu (lul).

The series of these theorems may be extended indefinitely.

27. THEOREM.—If u is a bounded function of (x, y) which is a
continuous, or an upper or lower semi-continuous function of (x, y), or
if it is a lu- or an ul-function of (x, y), ..., and v is a not necessarily

hi
bounded but positive function of (x, y) having an integral v dx loith

Jv

respect to x which is a continuous function of y, then uvdx exists,
Ji>

and is a function of y of the same type as u of (x, y).

The case when u is a continuous function of (x, y) is included in the
more general case treated in a recent paper of mine,! when the discon-
tinuities of u with respect to (x, y) form for each fixed value of y a set of

* " On Monotone Sequences of Continuous Functions," p. 526.
t "On Parametric Integration," Monatsheftef. Math. undPhysik, Bd. XXI(1910), p. 143,

where also the method of monotone sequences is employed.
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zero content. Assuming this proved, the other cases may be proved by
monotone sequences, since, u being bounded, all the integrals which occur
are finite.

For, if u(x, y) is the limit of a monotone ascending (descending)
sequence of functions of (x, y), ux{x, y), u^x, y), ..., for each of which

the theorem is true, so that uavdx is a function of y of the same type
Jp

as un is of (x, y), then since the functions uxv, u.2v, ... are the products of
the functions of the former sequence with an essentially positive function,
so that they, and therefore their integrals, form a sequence monotone in
the same sense as before, it follows that the limit of the sequence of

f
integrals, that is, I uvdx is a function of y of the same type as u is of
(*, y). h

28. THEOREM.—If u(x) is any bounded function of x, and v{x, y) is a
not necessarily bounded but essentially positive function of (x, y) having

fa
an integral vdx with respect to x which is a continuous function of y,

JP
h

then \ uvdx exists, and is a function of Baire's first class.
Jp

For, if a(x) and b(x) denote bounding In- and itZ-functions of u(x),
they are respectively lu- and wZ-functions with respect to the ensemble
(x, y), since they do not involve y.

Hence, by the preceding theorem,

fa
I a (x) v (x, y) dx is a lu-iunction of y,
Jp

h
and I b{x)v(x, y)dx is an wZ-function of y.

JP

But, since a(x), b(x) and u(x) differ only at a set of values of x of content
zero, it follows that on each ordinate av, bv, and uv differ only at a set of
values of x of content zero, so that their integrals with respect to x, two of
which have been shewn to exist, and to be respectively a lu and an ul,
are equal, and each is both a lu- and also an wi-function of y, that is, by
§ 10, it is a function of Baire's first class.

29. The former of the two theorems of bhe preceding article is a
simpler form of the following more general theorem, the proof of which
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is in all essentials the same as in the simpler case, Theorem 6, p. 145, of
the paper quoted being used, instead of Theorem 5, p. 143.

THEOREM.—If u is a bounded function of (x, y) which is lower semi-
continuous with respect to (x, y), or is a la, or a lul, ..., with respect to
{x, y), and v is a not necessarily bounded but essentially positive function

of (x, y) having an integral vdx with respect to x, which is a lower
J

semi-continuous function of y, then I uvdx exists, and is a function of y

of the same type as u is of (x, y).

If instead of being lower semi-continuous \ o dx is upper semi-continuous
(«with respect to y, then I uvdx exists, and is a function of y of the next

type after the type to which u belongs.

Similarly interchanging " upper " and " lower," we have the alter-

native theorem.

29. We now proceed to discuss the inequalities* between the generalised
double and repeated integrals of a function of two variables.

For continuous functions of the ensemble {x, ij) we know that the
double and repeated integrals are equal. Hence it at once follows, by the
method of monotone sequences that the same is true for any bounded
semi-continuous functions, and for any bounded lu-functions or ul-functions,
and for any bounded lul-f unctions or ulu-functions, and so on.

For, if ax(x, y) < a2{x, y) < ...

is a monotone ascending sequence of functions for which the theorem is

true, • _•
a^x, ij)dx < a^(x, y)dx < ...,

Jo Jo

f* \u f* (a
and %(«, y)(dxdy)^\ a2(x, y){dxdy) < ...,

JoJo JoJo
are also monotone ascending sequences, so that if the limit of the first

* W. H. Young, " On the Inequalities connecting the Double and Repeated Upper and
Lower Integrals of a Function of Two Variables" (1908), Proc. London Math. Soc, Ser. 2,
Vol. 6, pp. 240 254
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sequence is a(x, y), that of the second sequence is I a(x, y)dx, and that

of the third sequence is a(x, y){dxdy).
Jo Jo

Integrating the second sequence with respect to y, we get, by
hypothesis, the third sequence. Also since the second sequence is mono-
tone, the limit of the integral so obtained is

1'v f*
dy\ a(x,

o Jo
y)dx,

which is accordingly equal to the double integral of a(x, y). Similarly
the other repeated integral has the same value.

This proves the equality of the double and repeated integrals for a
lower semi-continuous function. Similarly it may be proved for an upper
semi-continuous function. The proof given then shews that it is true for
a Zw-function, and so on.

30. Next, let f(x, y) be any bounded function. Let a(x, y) be a
bounding lu-iunction of f(x, y) with respect to (x, y). Then since

a(x,y) < / ( * , y),

and a(x, y) is, for fixed x, a Zw-f unction with respect to y, we may take it

a{x,y) < A{x,y),

where A (x, y) is, for nxed x, a bounding Zw-f unction oif{x, y). Hence

| a{x, y)dy < J^ (a, y)dy < \f(x, y)dy.

Taking integrals with respect to x on each side,

\dx\a{x, y)dy < (dx \f{x, y)dy.

But the left-hand side is equal to the double integral of a(x,y), since
a(x,y) is a lu-i unction with respect to (x, y), and is therefore equal to the
lower double integral of / . Thus we have the inequality

c, y)(dxdy) < j dx]f(x, y)dy,

that is, lower double ^ lower-lower.

Similarly, upper-upper ^ upper double.

But obviously lower-lower ^ upper-upper,
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so that for any bounded functions tohatever, the integrals being
generalised integrals,

lower double ^ lower-lower <; upper-upper J^ upper double,

just as for ordinary Riemann integrals.

The known result at once follows that, if the double integral exists,
the repeated integrals exist and are equal to it, whether or not f (x, y) be
bounded.*

31. Next let/(#, y) be bounded above.
Then, as shown in § 22, we may still replace it by a ^-function, and

write
j j fix, y)(dxdy) = j j a(x, y){dxdy).

Hence, precisely as in the preceding article, we have

lower double ^ lower-lower,

provided f(x, y) is bounded above.

Similarly, upper-upper ^ upper double,

provided the function is bounded below.

32. Returning to the case of a single variable, I give a proof of the
Second Theorem of the Mean, which may be compared with those recently
given by Hobson and Lebesgue. t

THEOREM (Second Theorem of the Mean).—If f(x) is a positive mono-
tone decreasing function and F{x) is a function having a generalised
integral, such that

•«< \ F{x)dx <iV,
Jo

thenl nf(0) < T/UO F(x) dx < Nf(O).
Jo

* E. W. Hobson, "On some Fundamental Properties of Lcbe*gue Integrals in a Two-
Dimensional Domain," 1909, Proc. London Math. Soc, Ser. 2. Vol. 8, pp. 22-40, where
further references may be found.

t E. W. Hobson, " On the Second Mean-Value Theorem of the Integral Calculus," 1908,
Proc. London Math. Soc, Sor. 2, Vol. 7, pp. 14-24; H. Lubevsguc, loo. cit., §23, siqrra.

% If/(.«) is discontinuous at x = 0, we must understand by /(0) the limit, necessarily
unique, of the values of/(x) in the right-hand neighbourhood of the zuro point.
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CASE 1.—Let Fix) be any continuous function, and fix) a continuous
function having a right-hand differential coefficient f'(x) at every point
which is continuous at all but a finite number of points.

Then, if we denote the (ordinary) integral of F(x) by G(x), G(x) has at
every point a differential coefficient = F(x). Hence f(x) Gix) has at every
point a right-hand differential coefficient, viz.,

f'G+fF.

Now this is continuous at all but a finite number of points, and is there-
fore integrable, so that, by a well-known theorem in the theory of ordinary,
or Riemann, integration, its integral is f{x) G(x). Hence integrating by

\Xfix)Fix)dx = [fix) Gix)]r
0 - \Xf'ix)Gix)dx

Jo Jo

= fix) Gix) + f [-fix) Gix)] dx.
Jo

Hence, fix) and —/' ix) being ^ 0, we decrease (increase) the value of the
right-hand side if we replace Gix) by a lesser (greater) quantity. Re-
placing Gix) first by n, we get on the right n/(0), and then by N, we get
NfiO), whence the required inequality follows.

CASE 2.—Let F{x) and fix) be any bounded lower iupper) semi-
continuous functions.

Then, as pointed out in § 8, they are respectively the limits of two
monotone increasing (decreasing) sequences of continuous functions,
having at every point right-hand differential coefficients, which are con-
tinuous except at a finite number of points. Moreover, if these sequences
are Mx),faix), ...,fnix), ...,

and F^x), F2(x), ..., Fn(x)

we may, from the method of construction given, assume that the functions
fnix), like fix) are monotone decreasing and essentially positive.

Hence, by the first case,

where nr < Frix) dx < Nr.
Jo
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Now, since the integrals I Fr(x) form a monotone sequence of continuous
Jo

functions, we have, by the Theorem of the Bounds,* if n and nr are the
respective lower bounds, and N and Nr the upper bounds,

n = Lt nr, N = Lt Nr,
r=oo r=oo

so that, proceeding to the limit,

\*f(x)F(x)< Nf(0).\
•Jo

Hence, if n was less than the lower bound, or N greater than the upper
bound of the integral in question, the same inequality holds. Thus the
theorem holds in this case.

CASE 3.— Let F(x) and f(x) be bounded lu-functions (ul-functions).

Then the proof given in Case 2, together with the result there proved,
shews that the theorem is still true.

Similarly it is then seen to be true for bounded lul'a or ulu'e.

CASE 4.—Let F(x) be any bounded function.

The function f(x) is necessarily bounded, since it is ^ 0 and monotone
decreasing, and/(0) is, of course, supposed to be finite.

Let a(x) and A(x) be bounding lu-functions, and b(x) and B(x) bound-
ing wZ-functions of f(x) and F(x) respectively. Then a(x)A(x) and
b(x)B(x) only differ from f(x) F(x) at a set of content zero, so that

(«)F(x) dx = \a(x)A(x)dx = j b(x)B(x)dx

Also, by Case 8,

f* a(x) A (x) dx < Na{0) < Nf(0),
Jo

f*
and rc/(0) < w&(0) < b(x)B(x)dx.

Jo

From these three relations the result at once follows.

CASE 5. —Let F(x) be unbounded.

First let F(x) be unbounded above. Then it is the limit of a monotone
ascending sequence of bounded functions F^x), F^x), ... ; and therefore,

* Theorem 1 of the paper quoted above on p. 18.
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f(x) being positive, and bounded, f(x)F(x) is the limit of the monotone
ascending sequence of bounded functions f(x)Fr(x). Also since F(x)
is sumrnable, so is f(x) F(x), and its integral is the limit of that of
f(x)Fr(T).

But, by Case 4,

fX r(x)Fr(x)dx^Nrf(0),

whence, as in Case 2, the required result follows.
Similarly, if F(x) is bounded above but unbounded below, the result

follows.
Finally, if F(x) is unbounded both above and below, it is the limit of a

monotone ascending sequence of functions which are bounded above and
unbounded below, so that, applying what has just been proved, and using
the same argument, the result again follows.

Thus in every case the theorem is true.

83. The proof just given may not seem appreciably shorter, if indeed
it is as short, as that, for example, given by Lebesgue. This is due, how-
ever, partly to the fact that I have been at pains to indicate precisely the
nature of each step taken; it would be quite possible to so word the proof
just given as to condense it into a few lines. In fact, as soon as the
method employed is understood the result becomes intuitive. We may
remark, however, that we may, if we please, employ a more convenient
sequence of continuous functions than that made use of above, in virtue
of the following theorem.

Every bounded lower (upper) semi-continuous function is expressible
as the limit of a monotone ascending (descending) sequence of continuous
functions, possessing at every point differential coefficients. We may,
indeed, secure that the continuous functions in question possess each an
n-th differential coefficient and' without any alteration of the method of
construction, that they are expandible in the whole interval in Taylor's
series.

To prove this, we remark that the continuous functions, obtained as
explained in § 3 in Baire's way, are represented by polygons of a finite
number of sides. Taking any one of these functions, we may. clearly
approach it by means of functions represented by polygons with rounded
corners, and it is plain that the approach may be chosen to be monotone
in the same direction as before. From these new functions we can then,
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as in § 4, choose out a new sequence, monotone as before, having the
original semi-continuous function as limit.

COR.—If the semi-continuous function is monotone, the continuous
functions are also monotone, or may obviously be so chosen, without in
auy way altering the reasoning.

Self-evident as this result now appears, it is clear that it removes
almost every conceivable difficulty of exposition. The method of mono-
tone sequences reduces, in fact, the study of the theory of integration to
the case in which the functions with which we are concerned possess all
the properties of the simple functions which the beginner encounters
when he first comes to the calculus. Indeed nothing more is theoretically
required than the consideration of the functions xmyn, . . . . In fact,
wherever the passage by means of monotone sequences is allowed, every
integration theorem satisfied by these simple functions will be satisfied by
all summable functions.

84. THEOREM (of Integration by Substitution).*—Iff(x) is a summable
function, bounded or unbounded, and

= g(t)=\
Ji

h{t)dt,
o

be a monotone increasing function of t, whose value is k when t = c, then

[f(x)dx = [Cf[g(t)]h(t)dt.
Jo Jo

We note that we may, if we please, suppose h{t) to be a function
which is positive, for it can at most differ from such a function at a
set of points of zero content, since its integral is a monotone increasing
function.

We remark at once that it will be sufficient to prove the theorem when
f(x) is a positive power of x, for it will then be obviously true for any
polynomial. It will then follow, from Weierstrass's theorem, by which
any continuous function can be expressed as the uniform limit of a

* Cp. Lebesgue's memoir already quoted " Sur lea inte*grales singulieies," and E. W.
Hobson, " On Change of Variable in a Lebesgue Integral," 1909, Proc. London Math. 8oc,
Ser. 2, Vol. 8, pp. 10-22.
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sequence of polynomials, that it is also true for any continuous function.
In fact, if/ and fn be continuous functions, such that fn converges uni-
formly to / as n increases indefinitely, we have

(1) h(t)dt is independent of n and finite ;
Jo

(2) h(t) is a positive function ;

(3) fn[g(t)] is a continuous* function of (ft, t), where <x> is included
as one of the values of n ;

1fn[g(t)] h(t)dt is therefore a continuous function of n at the point
o

n =• oo . In other words,

Lt [' /»|>(*)] h{t)dt = [' f[g(t)~\ h(t)dt.
* = * Jo Jo

("''• tk

Plainly, also . Lt \ fH{x)dx = \ f(x)dx.
" = x Jo' Jo

This proves the theorem for any continuous function / , provided it has
been proved when / is a positive integral power of x.

It follows at once, by the method of monotone sequences, since //
has been made a positive function of t, that the theorem is true
for any positive bounded function / , and therefore for any bounded
function.

A further application of the method of monotone sequences plainly
allows us to state the theorem for any summable function / , bounded or
unbounded. For, if one side of the equation to be proved is finite, as
is, by hypothesis, the case with the left-hand side, the method plainly
ensures that all the integrals obtained in proceeding to the limit on the
right-hand side are also finite.

35. It is therefore sufficient to prove the theorem for the case in
which /(*) = xm.

* The variable n may, if we please, be made continuous in the usual manner. The
theorem used is that quoted above from the Monatshefte.
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Take the case m = 1. That is,

f(x) = x.

Here the right-hand side of the equality to be proved is

f g(t) h{t)dt = P ( \ h(u)du) h(t)dt
Jo Jo \Jo /

= [° ([ h(t)di\h(u)du

= \du(h(u) \ h(t)dt\

u) [Ch(t)d^j = £ (\h(t)dty = %[g(c)Y

= f(x)dx.
Jo

Here it has been tacitly assumed that change of order of integration is
allowable. That it is so follows, for example, from the theorem that
change of order of integration is always allowable when the integrand is
positive, or when it is negative at most at points forming a plane set
whose section by every ordinate and every abscissa has zero linear
content. A little consideration will shew, however, that the change of
order is, in our case, allowable, without recourse to this theorem.

This proves the theorem when m = 1. A similar proof will serve
when m = 2. Denoting the right-hand side of the equality to be proved
by X, we have

X= \°[g{fffh(t)dt= Pdth{t)^\ duh(u) [dvh{v)
Jo Jo Jo Jo

= [duh{u) [C dth(t) [' dvh(v)
Jo Ju Jo

= fC duh(u) \U dv h(v) f" dth(t) + T duh(u) P dv h(v) \° dth(t).
Jo Jo Jw Jo J« J»

Therefore adding the last two lines, after having, in the former of the two
lines interchanged t and v, we have an expression for 2X the same as that
last obtained for X, except that the last integration on the right has the
limits 0 and c instead of the limits v and c.

Add to this expression the first expression obtained above for X as a
SER. 2, VOI*. 9. NO. 1070. E
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three-fold repeated integral, after having written u for t, v for w, and t
for v. Then we get the same expression for 8X as we had got for 2X,
except that the last integration in the first term now has 0 to c as limits,
instead of u to c.

In the expression last obtained the two integrals obviously add up, and
we get for 3X a three-fold integral in which all three sets of limits of
integration are 0 to c. In other words,

SX = [g{c)]s.

This proves the theorem in the case when n = 2.
It is clear that the argument is generalisable.

[Note added October, 1910.—My object in the present paper has been,
in continuation of former work of mine, to bring out more especially the
use of the method of monotone sequences in the theory of integration. It
is frequently of great use also in practice. Even in the present paper,
however, we have had to have recourse to the theorem of Weierstrass.
Lebesgue has shewn in his recent paper, quoted incidentally above, that,
in the applications, sequences which are not monotone may be employed
in an extraordinarily powerful as well as elegant manner. Readers inter-
ested in this subject cannot do better than study Lebesgue's admirable and
strikingly original memoir.]


